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ELLIPTIC FIBRATIONS AND KODAIRA DIMENSIONS OF
SCHREIEDER’S VARIETIES
ALICE GARBAGNATI
Abstract. We discuss the birational geometry and the Kodaira dimension
of certain varieties previously constructed by Schreieder, proving that in any
dimension they admit an elliptic fibration and they are not of general type.
The l-dimensional variety Y
(l)
(n)
, which is the quotient of the product of a certain
curve C(n) by itself l times by a group G ' (Z/nZ)l−1 of automorphisms, was
constructed by Schreieder to obtain varieties with prescribed Hodge numbers.
If n = 3c Schreieder constructed an explicit smooth birational model of it, and
Flapan proved: the Kodaira dimension of this smooth model is 1, if c > 1;
if l = 2 it is a modular elliptic surface; if l = 3 it admits a fibration in K3
surfaces.
In this paper we generalize these results: without any assumption on n and
l we prove that Y
(l)
(n)
admits many elliptic fibrations and its Kodaira dimension
is at most 1. Moreover, if l = 2 its minimal resolution is a modular elliptic
surface, obtained by a base change of order n on a specific extremal rational
elliptic surface; if l ≥ 3 it has a birational model which admits a fibration in K3
surfaces and a fibration in (l − 1)-dimensional varieties of Kodaira dimension
at most 0.
1. Introduction
The aim of this paper is to reconsider certain varieties constructed by Schreieder
as quotient of the product of a very special curve, C(n), with itself l-times. The curve
C(n) is a hyperelliptic curve C(n) → P1u endowed with a special symmetry among
the ramification points. Denoted by u an affine coordinate of P1, the equation of
C(n) as double cover of P1, is v2 = un − 1. So the map (v, u)→ (v, ζnu), where ζn
is an n-primitive root of unity, induces an automorphism of C(n), denoted by α.
For n = 3, 4, C(n) is the elliptic curve with complex multiplication of order n.
For each l, and n = 3, 4 Cynk and Hulek proved that a quotient of the product
of C(n) by itself l-times by a specific group of automorphisms admits a resolution
which is a modular Calabi–Yau l-fold, see [CH].
More recently a generalization of the construction by Cynk and Hulek was con-
sidered by Schreieder (see [Sc]): let C×l(n) be the product of C(n) by itself l-times
and G ' (Z/nZ)l−1 be a specific group of automorphisms of C×l(n), then the variety
Y
(l)
(n) is defined as the (singular) quotient C
×l
(n)/G.
For the varieties Y
(l)
(n) such that n = 3
c, Schreieder also constructed explicit
resolutions: each variety Y
(l)
(3c) is a quotient of Y
(l−h)
(3c) × Y (h)(3c), h < l, and so one
obtains a desingularization which generalizes the construction in [CH]. In [F] Flapan
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2 ALICE GARBAGNATI
proved that the smooth varieties constructed by Schreieder have Kodaira dimension
1 if c > 1, the 2-dimensional ones are elliptic modular surfaces and the 3-dimensional
ones admit a fibration in K3 surfaces.
We give generalizations of the Flapan’s results without any assumption on n
and on l, indeed we obtain elliptic fibrations (and K3-fibrations if l > 2) defined
on birational models of all the varieties Y
(l)
(n), and we prove Y
(l)
(n) have Kodaira
dimension, k(Y
(l)
(n)), not bigger than 1. In dimension 2 and 3 we fully recover the
statements of [F] without the assumption on n. These results can be achieved
without constructing an explicit desingularization of Y
(l)
(n), but just by considering
the equations of certain (possiby singular) birational models.
To state the main theorem one has to fix a definition of “elliptic fibration” also
for varieties with dimension higher than 2. We will say that a surjective map
E : X → B from a possibly singular l-dimensional variety X to a smooth (l − 1)-
dimensional variety B is an elliptic fibration if E has connected fibers, its generic
fiber is a smooth genus 1 curve and there is a rational map s : B 99K X such that
E ◦ s is the identity where it is defined. So X admits an elliptic fibration if it is
birational to a variety defined by a Weierstrass equation, over B.
The synthesis of the results in the paper is the following:
Main Theorem Let n and l be two integers bigger than 1. Then Y
(l)
(n) is bira-
tional to a variety Z
(l)
(n) which admits an elliptic fibration with basis (P
1)×(l−1).
• If l = 2 and n > 2 (resp. n = 2) the minimal model of Y (l)(n) (resp. a
smooth birational model of Y
(l)
(2) ) is a modular elliptic surface. It is a rational
surface if n = 2, a K3 surface if n = 3, 4, a properly elliptic surface (i.e.
k
(
Y
(2)
(n)
)
= 1) if n > 4.
• If l ≥ 3, Y (l)(n) admits a fibration in K3 surfaces with generic Picard number
19. For every n, k
(
Y
(l)
(n)
)
≤ 1 and in particular if n = 2, k
(
Y
(l)
(n)
)
= −∞,
if n = 3, 4, k
(
Y
(l)
(n)
)
= 0.
To prove the main theorem one first observes that the varieties Y
(l)
(n) are birational
to a Z/nZ quotient of Y (l−1)(n) × C(n). This naturally gives an isotrivial fibration
Y
(l)
(n) → P1 whose fibers are isomorphic to Y (l−1)(n) , thus the knowledge of properties
(and in particular of a nice equation) of Y
(l−1)
(n) gives information also on Y
(l)
(n).
The definition of the varieties Y
(l)
(n) and the analysis of the relations between these
varieties for different values of n and l are the topics of Section 2.
In Section 3 we consider the first interesting case, i.e. the 2-dimensional variety
Y
(2)
(n) . In dimension 2, one is able to prove that a smooth model of Y
(2)
(n) (indeed
the minimal model for each n > 2) is an elliptic modular surface, and in particular
it is not of general type. The elliptic fibration is completely described (both the
reducible fibers and the Mordell–Weil group) and the full Hodge diamond of the
minimal model is computed, see Theorem 3.1 and Proposition 3.5. These results
are achieved in two different ways: either one constructs the minimal resolution of
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Y
(2)
(n) and finds explicitly a nef divisor whose associated map is the required elliptic
fibration (see Subsection 3.2), or one considers a very particular equation of the
quotient surface Y
(2)
(n) =
(
C(n) × C(n)
)
/(Z/nZ) (see Proposition 3.4) which exhibits
directly the elliptic fibration. In both the contexts one observes that Y
(2)
(n) is an n : 1
cover of P1 × P1 branched on two (singular) curves of bidegree (2, 2) and indeed it
is birational to a n : 1 cover of a rational elliptic surface, R (which does not depend
on n).
In Section 4 we consider the 3-dimensional variety Y
(3)
(n) . We give an equation of
Y
(3)
(n) (obtained from the one of Y
(2)
(n) ), which shows that Y
(3)
(n) admits two different
fibrations: one is the elliptic fibration with basis P1 × P1 mentioned in the main
theorem; the other is a fibration in K3 surfaces with basis P1. Hence also in the
3-dimensional case, Y
(3)
(n) admits a fibration over P
1 in codimension 1 subvarieties
with trivial canonical bundle, in particular the Kodaira dimension of Y
(3)
(n) is not
higher than 1.
In Section 5 we iterate the process applied in the previous sections to find an
equation for Y
(l)
(n), and in particular of fibrations on it. One finds the elliptic fibration
and the K3-fibration mentioned in the main theorem and a fibration in varieties of
codimension 1, whose generic fibers do not depend on n and have Kodiara dimension
at most 0. This latter fibration is the analogous of the elliptic fibration on Y
(2)
(n) and
of the K3-fibrations on Y
(3)
(n) and is used to bound the Kodaira dimension of Y
(l)
(n).
Acknowledgements. I’m grateful to Bert van Geemen for his enlightening com-
ments. The author would like to thank Matthias Schu¨tt and Luca Tasin and for
useful conversations.
2. Preliminaries: the curves C(n) and the varieties Y
(l)
(n)
In this section we define the varieties Y
(l)
(n) and we present some of their properties.
These are varieties of dimension l, where l is arbitrarily big, obtained by the quotient
of the product of a certain curve C(n) (defined in Section 2.1) l times by itself. The
construction of Y
(l)
(n) is presented in Section 2.2. In Section 2.3 we describe the
relations between Y
(l)
(n) and Y
(h)
(m), for n 6= m and/or l 6= h and, in particular, the
ones between the Kodaira dimension of the varieties Y
(l)
(n) for different values of l
(in Proposition 2.10).
2.1. The curves C(n). The curve C(n) is obtained both as 2 : 1 cover and as n : 1
cover of P1. We chose to define it as a very special n : 1 cover of P1.
Definition 2.1. If n is odd the curve C(n) is the n : 1 cover of P1 totally branched
over 3 points such that C(n) admits an involution ιn switching two ramification
points and fixing the third.
If n is even the curve C(n) is the n : 1 cover of P1 totally branched on 2 points
and branched with multiplicity n/2 on a third point such that C(n) admits an invo-
lution ιn switching the two points of total ramification and the two points of partial
ramification.
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An equation of C(n) as n : 1 cover of P1(v:w) is
(2.1) un = (v2 − w2)wn−2,
with cover map f(n) : C(n) → P1(v:w).
The involution ιn : C(n) → C(n) is ιn : (u, (v : w))→ (u, (−v : w)) and the cover
automorphism
(2.2) αn : C(n) → C(n) is αn : (u, (v : w))→ (ζnu, (v : w))
where ζn is a primitive n-th root of unity. We assume that, if m|n, then ζm = ζn/mn .
By considering the affine equation of C(n) obtained putting w = 1, one finds the
equation un = v2 − 1, which exhibits C(n) as the hyperelliptic curve v2 = un + 1,
2 : 1 cover of P1u. Then ιn is the hyperelliptic involution.
Here we collect some very well known results on the curve C(n) and on its auto-
morphism which will be used in the following. If n is odd, we denote by P1, P−1,
P∞ the three points of C(n) fixed by αn, which are respectively mapped to (1 : 1),
(−1 : 1), (1 : 0) by f(n) : C(n) → P1(v:w).
If n is even, we denote by P1 and P−1 the two points fixed by αn, respectively
mapped to (1 : 1), (−1 : 1) by f(n) : C(n) → P1(v:w), and by P 1∞ and P 2∞ the two
points switched by αn and mapped to (1 : 0) by f(n) : C(n) → P1(v:w).
Proposition 2.2. The curve C(n) has genus
g(C(n)) =
{
n−1
2 if n is odd,
n
2 if n is even.
A basis of H1,0(C(n)) is {ωi := ui−1du/v, i = 1, . . . , g(C(n))}.
One has α∗n(ωi) = ζ
i
nωi and ι
∗(ωi) = −ωi.
If n is odd, the local action of αn near the fixed points P1, P−1, P∞ is ζn, ζn
and ζ
n−1
2
n respectively.
If n is even, the local action of αn near the fixed points P1, P−1, is ζn. The square
α2n fixes also the points P
1
∞ and P
2
∞ and its the local action near these points is ζ
2
n.
Proof. Since C(n) is a hyperelliptic curve, the genus of C(n) and the basis of
H1,0(C(n)) can be computed as in [ACGH, Chapter 1 Section 2]. The explicit
equations of αn and ιn allows one to check the number of the points with non
trivial stabilizer. The local action of αn near the points with non trivial stabilizer
follows by [H, Theorem 7], see [GP, Example 2.5] for a more the direct computation
in the case of the curve C(n). One needs to observe that if n is odd then n
n−1
2 ≡ 1
mod n. 
2.2. The varieties Y
(l)
(n). Let l be an integer bigger than 1. Let us denote by(
C(n)
)×l
the product of C(n) by itself l times .
Definition 2.3. Let G
(l)
(n) be the subgroup of Aut
((
C(n)
)×l)
defined by
G
(l)
(n) :=
{
αa1n × αa2n × . . .× αaln such that
l∑
i=1
ai ≡ 0 mod n
}
and Y
(l)
(n) be the variety Y
(l)
(n) :=
(
C(n)
)×l
/G
(l)
(n).
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We define Y
(1)
(n) = C(n) and denote by pi
(l)
(n) the quotient map pi
(l)
(n) :
(
C(n)
)×l →
Y
(l)
(n).
We observe that G
(l)
(n) ' (Z/nZ)l−1 and
G
(l)
(n) = 〈αn×αn−1n ×id×. . . id, αn×id×αn−1n ×id×. . .×id, . . . , αn×id×. . .×id×αn−1n 〉.
Proposition 2.4. The Hodge numbers hi,0 of any desingularization of the singular
variety Y
(l)
(n) are h
0,0 = 1, hl,0 = g(C(n)) and h
i,0 = 0 for any i 6= 0, l.
Proof. The Hodge numbers hi,0 are birational invariants, and they are
hi,0(Y
(l)
(n)) = dim
(
Hi,0(
(
C(n)
)×l
)
)G(l)
(n)
.
The result follows by Proposition 2.2. 
Definition 2.5. The automorphism α
Y
(l)
(n)
∈ Aut(Y (l)(n)) is the automorphism induced
by αn × id× . . .× id ∈ Aut
((
C(n)
)×l)
on Y
(l)
(n).
The automorphism ι
Y
(l)
(n)
∈ Aut(Y (l)(n)) is the automorphism induced by ιn × id ×
. . .× id ∈ Aut((C(n))×l) on Y (l)(n).
Let K
(l)
(n) be the group {αa1n × . . .× αaln , ai ∈ Z}. Clearly K(l)(n)/G(l)(n) ' Z/nZ
and a generator is induced by αn × id . . . × id ∈ K(l)(n). So Y (l)(n)/αY (l)
(n)
is birational
to C×l(n)/K
(l)
(n) '
(
P1
)×l
. More precisely, denoted by uj , vj and wj the variables of
the j-th copy of C(n) in
(
C(n)
)×l
, following proposition holds.
Proposition 2.6. The variety Y
(l)
(n) is a (singular) n : 1 cover of
(
P1
)×l
whose
cover automorphism is α
Y
(l)
(n)
and whose equation is
(2.3) Un =
l∏
i=1
(vi − wi)(vi + wi)wn−2i .
Proof. The functions U :=
∏l
i=1 ui, vi, wi, i = 1, . . . , l of C
×l
(n) are invariant for
G
(l)
(n) and they satisfy (2.3). So Y
(l)
(n) is an r : 1 cover of the singular variety defined
by (2.3), where r is a positive integer, possibly 1. Since the nl : 1 cover C×l(n) →(
C(n)/αn
)×l
=
(
P1
)×l
factorizes through the nl−1 : 1 cover pi(l)(n) : C
×l
(n) → Y (l)(n),
one obtains that Y
(l)
(n) is an n : 1 cover of
(
P1
)×l
. Therefore, (2.3) is an equation
of Y
(l)
(n), i.e. r = 1. Since the automorphism αY (l)
(n)
acts trivially on vi and wi, and
α
Y
(l)
(n)
(U) = ζnU , αY (l)
(n)
is the cover automorphism. 
2.3. Relations between the varieties Y
(l)
(n) and Y
(h)
(m). In this section we show
that there are strong interactions between the Y
(l)
(n) and Y
(h)
(m) if there are relations
between the numbers n,m, l, h. In particular we show that:
• Y (l)(n) is a k : 1 cover of Y (l)(n/k) (Proposition 2.7);
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• Y (l)(n) is an n : 1 quotient of Y (l−h)(n) × Y (h)(n) (Proposition 2.8)
• there is an isotrivial fibration Y (l)(n) →
(
P1
)×(l−h)
whose fibers are isomorphic
to Y
(h)
(n) (Proposition 2.9).
Proposition 2.7. Let m and n be two positive integers such that m|n and k be the
integer such that n = km.
Then Y
(l)
(n) is a k : 1 cover of Y
(l)
(m) and the cover automorphism is α
m
Y
(l)
(n)
.
Proof. If l = 1 we are just considering the curves C(n) and C(m). Given C(n)
and αn as in (2.1) and (2.2), one obtains that u
′ := uk, v′ := v, w′ := w are
invariant functions of the order k automorphism αmn which satisfy the equation
u′m = (v′ − w′)(v′ + w′)w′n−2. The automorphism αn acts on u′ = uk as the
multiplication by ζm. So the quotient C(n)/α
m
n is isomorphic to C(m) and the
automorphism αn induces on C(m) = C(n)/α
m
n the automorphism αm. We observe
that αm is induced equivalently by αn and α
k
n (since we are considering the quotient
by αmn ). If l > 1, then the cover is induced by the following commutative diagram:(
C(n)
)×l nl−1:1 //
kl=(n/m)l:1

Y
(l)
(n) :=
((
C(n)
)×l)
/G
(l)
(n)
k:1
(
C(m)
)×l ml−1:1 // Y (l)(m) := ((C(m))×l) /G(l)(m)
More explicitly, the equation of Y
(l)
(n) and of Y
(l)
(m) are given in (2.3): Y
(l)
(n) is U
n =∏l
i=1(vi − wi)(vi + wi)wn−2i where U :=
∏l
i=1 ui and Y
(l)
(m) is U
′m =
∏l
i=1(v
′
i −
w′i)(v
′
i + w
′
i)w
′n−2
i where U
′ :=
∏l
i=1 u
′
i and u
′
i = u
k
i . So U
′ = Uk and the map
Y
(l)
(n) → Y (l)(m) is the quotient map by αmY (l)
(n)
. 
Let l and h be two positive integers such that h < l. The group G
(l−h)
(n) can be
embedded in G
(l)
(n) as the normal subgroup
G
(l−h)
(n) :=
{
αa1n × αa2n × . . .× αaln such that
l−h∑
i=1
ai ≡ 0 mod n, aj = 0 for any j > l − h
}
.
We also define
H
(h)
(n) :=
{
αa1n × αa2n × . . .× αaln such that
l∑
i=l−h+1
ai ≡ 0 mod n, aj = 0 for any j < l − h+ 1
}
.
Proposition 2.8. Let l and h be two positive integers such that l > h. Then Y
(l)
(n)
is the quotient of Y
(l−h)
(n) × Y (h)(n) by the order n automorphism αY (l−h)
(n)
× αn−1
Y
(h)
(n)
.
Proof. Let G
(l−h)
(n) and H
(h)
(n) be as above. We observe that H
(h)
(n) ' (Z/nZ)h−1 '
G
(h)
(n) and that G
(l−h)
(n) ×H(h)(n) ' (Z/nZ)l−2 is a normal subgroup of G(l)(n). Moreover,
G
(l)
(n)/
(
G
(l−h)
(n) ×H(h)(n)
)
is cyclic and generated by the order n automorphism α :=
αa1n × αa2n × . . .× αaln with a1 = 1, al−h+1 = n− 1 and aj = 0 for any other j.
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Since(
C(n)
)×l
/
(
G
(l−h)
(n) ×H(h)(n)
)
=
((
C(n)
)×(l−h) × (C(n))h) /(G(l−h)(n) ×H(h)(n)) =
=
(((
C(n)
)×(l−h))
/G
(l−h)
(n)
)
×
(((
C(n)
)×h)
/H
(h)
(n)
)
= Y
(l−h)
(n) × Y (h)(n)
one obtains
Y
(l)
(n) '
(
Y
(l−h)
(n) × Y (h)(n)
)
/
(
α
Y
(l−h)
(n)
× αn−1
Y
(h)
(n)
)
,
where
(
α
Y
(l−1)
(n)
× αn−1
Y
(h)
(n)
)
is induced on Y l−h(n) × Y h(n) by α. 
Let us consider the case h = l − 1 in Proposition 2.8. We obtain the following
diagram: (
C(n)
)×l /G(l)(n) //
/G
(l−1)
(n)

Y
(l)
(n)
Y
(l−1)
(n) × Cn
α
Y
(l−1)
(n)
×αn−1n
55
which shows that Y
(l)
(n) is the cyclic quotient (of order n) of Y
(l−1)
(n) × C(n) by the
automorphism α
Y
(l−1)
(n)
× αn−1n . This provide an inductive construction of the vari-
eties Y
(l)
(n) from the varieties Y
(l−1)
(n) , which will be used in the sections 4 and 5 to
find an equation of Y
(l)
(n).
The construction of Y
(l)
(n) gives also fibrations (surjective maps with connected
fibers) from Y
(l)
(n) to
(
P1
)×(l−h)
which are induced by the projections
(
C(n)
)×l →(
C(n)
)×(l−h)
and are described in the following proposition.
Proposition 2.9. Let l and h be two positive integers such that l > h. Then there
is an isotrivial fibration Y
(l)
(n) →
(
P1
)×(l−h)
whose fibers are isomorphic to Y
(h)
(n) .
Proof. We consider the action of G
(l)
(n) ' (Z/nZ)l−1 on
(
C(n)
)×l
, the action of αn
on C(n) and the projection on the first (l− h) factors p : C×l(n) → C×(l−h)(n) . Then we
have the following diagram(
C(n)
)×l p //
nl−1:1

(
C(n)
)×(l−h)
nl−h:1

Y
(l)
(n) :=
(
C(n)
)×l
/G
(l)
(n)
F // (C(n)/αn)×(l−h) ' (P1)×(l−h)
One can choose a set of generators of G
(l)
(n) to be of the form α× id× . . .× id×αl−1n ,
id× α× . . .× id× αl−1n , . . ., id× id× . . .× α× αl−1. So, the generic fiber of F is
isomorphic to
(
C(n)
)×h
/H
(h)
(n) and hence to Y
(h)
(n) . 
In particular, if h = l − 1, the fibration F is an isotrivial fibration with smooth
fibers isomorphic to C(n).
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Given a multi-index I = (i1, . . . , ih) of length h such that 1 ≤ i1 < i2 < . . . <
ih ≤ l, we denote by FI the fibration Y (l)(n) →
(
P1
)l−h
induced by the projection of
C(n) × . . .× C(n) on the factors in position (i1, . . . , ih).
In the particular case l = 2, this gives two isotrivial fibrations Fi : Y (2)(n) → P1
for i = 1, 2 whose generic fibers are isomorphic to C(n).
2.4. Kodaira dimensions.
Proposition 2.10. It holds k
(
Y
(l)
(n)
)
≤ k
(
Y
(l−1)
(n)
)
+ 1.
Proof. Let X
(2)
(n) be the minimal resolution of Y
(2)
(n) . The singularities of Y
(2)
(n) are
all contained in 3 singular fibers of the isotrivial fibration of Y
(2)
(n) → P1 ' C(n)/αn
described in Proposition 2.9. So X
(2)
(n) is endowed with an isotrivial fibration X
(2)
(n) →
P1, which coincides with Y (2)(n) → P1 outside the fibers over 1, −1,∞. The automor-
phism αY lifts to an automorphism αX of the smooth modelX
(2)
(n). The singular quo-
tient variety
(
X
(2)
(n) × C(n)
)
/
(
αX × αn−1n
)
is birational to
(
Y
(2)
(n) × C(n)
)
/
(
αY × αn−1n
)
,
and thus, by Proposition 2.8, to Y
(3)
(n) . The singularities of
(
X
(2)
(n) × C(n)
)
/
(
αX × αn−1n
)
are all contained in the three fibers over 1, −1 and ∞ of the isotrivial fibra-
tion
(
X
(2)
(n) × C(n)
)
/
(
αX × αn−1n
) → P1 ' C(n)/αn−1n , whose generic fibers are
isomorphic to X
(2)
(n). To resolve these singularities one introduces some divisors
contained in these three singular fibers and one obtaines a variety, X
(3)
(n), which
is smooth and admits an isotrivial fibration on P1 whose generic fiber is isomor-
phic to X
(2)
(n). The automorphism αX on X
(2)
(n) induces an automorphism of the
quotient
(
X
(2)
(n) × C(n)
)
/
(
αX × αn−1n
)
which lifts to an automorphism, still de-
noted by αX , on its desingularization X
(3)
(n). By construction X
(3)
(n) is birational to
Y
(3)
(n) and the automorphism αX is the one induced by αY . One can iterate the
previous process to obtain a smooth variety X
(l)
(n), birational to Y
(l)
(n), which is a
resolution of
(
X
(l−1)
(n) × C(n)
)
/
(
αX × αn−1n
)
such that the automorphism induced
by αX × id on
(
X(n)(l−1) × C(n)
)
/
(
αX × αn−1n
)
lifts to an automorphism X
(l)
(n) de-
noted by αX ∈ Aut(X(l)(n)). Moreover, X(l)(n) is endowed with an isotrivial fibration
X
(l)
(n) → P1 whose generic fibers are isomorphic to X(l−1)(n) (which is a smooth vari-
ety birational to Y
(l−1)
(n) ). By applying the “easy addiction formula” (see a.g. [U,
Theorem 6.122]) to the isotrivial fibration X
(l)
(n) → P1 with generic fiber isomorphic
to X
(l−1)
(n) , one has
k(X
(l)
(n)) ≤ k
(
X
(l−1)
(n)
)
+ dim(P1).
Since the Kodaira dimension is a birational invariant, we have the following chain
of (in)equalities which proves the statement
k(Y
(l)
(n)) = k
(
X
(l)
(n)
)
≤ k
(
X(l−1)n
)
+ 1 = k
(
Y
(l−1)
(n)
)
+ 1.
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
Corollary 2.11. If Y
(l)
(n) is not of general type for a certain l, then Y
(h)
(n) is not of
general type for every h > l.
Proof. By Proposition 2.10, k
(
Y
(h)
(n)
)
≤ k
(
Y
(l)
(n)
)
+ (h − l). So if Y (l)(n) is not of
general type, i.e. k
(
Y
(l)
(n)
)
< l, then k
(
Y
(h)
(n)
)
< l + (h− l) = h. 
We will give a more restrcitive bound on the Kodaira dimension of Y
(l)
(n) in Section
5.
3. The surfaces Y
(2)
(n) and X
(2)
(n)
In this section we consider the singular surface Y
(2)
(n) and its minimal model. If
n > 2, we will prove that the smooth minimal model of Y
(2)
(n) coincides with the
minimal resolution X
(2)
(n) of Y
(2)
(n) . We prove that X
(2)
(n) admits an elliptic fibration,
obtained by a base change (of order n) on an elliptic fibration on a rational surface,
and that its Kodaira dimension is 1 if n > 4 (if otherwise n = 3, 4, X
(2)
(n) is a K3
surface and so its Kodaira dimension is 0), and we compute its Hodge diamond and
its Picard number (proving that it is an extremal elliptic surface). If n = 2, the
surface Y
(2)
(n) is rational, and we consider a birational model of Y
(2)
(n) which is not a
minimal surface but still admits a relatively minimal elliptic fibration, obtained by
a base change (of order 2) from another rational elliptic surface.
The results of this section are summarized by the following theorem.
Theorem 3.1. Let n > 2 and X
(2)
(n) be the minimal resolution of Y
(2)
(n) . Then:
• X(2)(n) is a minimal surface;
• h1,0
(
X
(2)
(n)
)
= 0, h2,0
(
X
(2)
(n)
)
= g
(
C(n)
)
and if n = 3, 4, then X
(2)
(n) is a K3
surface, otherwise k
(
X
(2)
(n)
)
= 1;
•
h1,1
(
X
(2)
(n)
)
= ρ
(
X
(2)
(n)
)
=
{
5n+ 5 if n ≡ 1 mod 2
5n if n ≡ 0 mod 2;
• X(2)(n) is an elliptic modular surface.
3.1. The surfaces Y
(2)
(n) as base change of a rational elliptic surface. A
rational elliptic surface can be constructed as a blow up of P1×P1 in the base locus
of a pencil P of generically smooth genus 1 curves, so of generically smooth curves
of bidegree (2, 2).
We consider P1 × P1 with coordinates ((v1 : w1), (v2 : w2)) and we put
C0 := V ((v1 − w1)(v1 + w1)(v2 − w2)(v2 + w2)), C∞ := V (w21w22).
For a generic t, curve Ct := C0 + tC∞ is smooth and so the pencil
(3.1) (v1 − w1) (v1 + w1) (v2 − w2) (v2 + w2) + t
(
w21w
2
2
)
induces an elliptic fibration on the blow up of P1×P1 in the points C0∩C∞, whose
fiber over t is the strict transform C˜t.
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Definition 3.2. We call P the pencil of (2, 2) curves generated by C0 and C∞
with equation (3.1), R the surface obtained by blowing up the base points of P and
ER : R→ P1t the induced elliptic fibration.
Lemma 3.3. The rational elliptic surface R is a modular elliptic surface with
Mordell–Weil group MW (ER) = Z/4Z and singular fibers I∗1 + I4 + I1.
Proof. The singular members of the pencil P are C0, C∞ and C1. The latter is
an irreducible curve singular in the point ((0 : 1), (0 : 1)). The base points of the
pencil are the following, each with multiplicity 2:
(p, q) ∈ {((1 : 0), (1 : 1)), ((1 : 0), (−1 : 1)), ((1 : 1), (1 : 0)), ((−1 : 1), (1 : 0))}.
Blowing up each of these points twice one introduces a (−2)- curve and a (−1)-curve
for each of them. We will denote by E
(1)
(p,q) and E
(2)
(p,q) the two exceptional divisors
over (p, q), such that
(
E
(h)
(p,q)
)2
= −h and E(1)(p,q)E(2)(p,q) = 1. Then the canonical
divisor of R is
KR := −2h1−2h2+
2∑
j=1
j
(
E
(j)
((1:0),(1:1)) + E
(j)
((1:0),(−1:1)) + E
(j)
((1:1),(1:0)) + E
(j)
((−1:1),(1:0))
)
The linear system of the divisor FR := −KR defines the elliptic fibration ER : R→
P1t . The exceptional curves E
(1)
((1:0),(1:1)), E
(1)
((1:0),(−1:1)), E
(1)
((1:1),(1:0)), E
(1)
((−1:1),(1:0))
are (−1)-curves and sections of the fibration. Denoted by E˜p×P1 and E˜P1×q the
strict transform of the curves p× P1 and P1 × q respectively, the divisor
˜E(1:1)×P1 + ˜EP1×(1:1) + ˜E(−1:1)×P1 + ˜EP1×(−1:1)
is orthogonal to FR (and indeed linearly equivalent to FR) and is supported on
configuration of curves which corresponds to a fiber of type I4. Similarly the divisor
2( ˜EP1×(1:0) + ˜E(1:0)×P1) +E
(2)
((1:0),(1:1)) +E
(2)
((1:0),(−1:1)) +E
(2)
((1:1),(1:0)) +E
(2)
((−1:1),(1:0))
is supported on a configuration of curves which corresponds to a fiber of type I∗1 .
Therefore the fibers of ER over t = 0 and t =∞ are of type I4 and I∗1 respectively.
Hence R is an extremal rational elliptic surface, with singular fibers I∗1 + I4 + I1
and Mordell–Weil group MW (ER) ' Z/4Z.
The surface R is not isotrivial (i.e. the j-function of ER : R→ P1 is non constant
since there are singular fibers of type In); does not admit reducible fibers of type
II∗ and III∗; is extremal. Thus by [No, Theorem 3.6], R is a modular surface. 
Proposition 3.4. The surface Y
(2)
(n) is birational to a base change of order n of R,
branched over the reducible fibers, and thus to a surface with an elliptic fibration.
Proof. Let b : P1τ → P1t be the n : 1 cover of P1 totally branched over 0 and ∞.
So b is simply given by τ 7→ t := τn and the cover automorphism is τ 7→ ζnτ . We
consider the fiber product:
R×g P1 n:1 //
E

R
ER

P1τ
b // P1t
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The, possibly singular, surface R ×b P1 naturally arise with the map E to P1τ and
there exists a birational model of R×bP1 which is a smooth surface with an elliptic
fibration induced by ER.
By (3.1) a birational model of R has the following equation:
t = − (v1 − w1)(v1 + w1)(v2 − w2)(v2 + w2)
(w1w2)2
.
So a birational model of R×b P1 has the following equation
τn = − (v1 − w1)(v1 + w1)(v2 − w2)(v2 + w2)
(w1w2)2
.
After a change of sign and the birational transformation τ 7→ U/(w1w2), one rec-
ognizes the equation (2.3) with l = 2. 
Let us denote by Z(n) the smooth surface resolving the singularities of R × P1,
so that Z(n) admits the relatively minimal elliptic fibration E : Z(n) → P1 induced
by ER : R→ P1.
Proposition 3.5. Let E : Z(n) → P1 be the elliptic fibration induced by ER : R→ P1
by the base change of order n branched over the reducible fibers I∗1 + I4. Then
h1,0(Z(n)) = 0, h
2,0(Z(n)) = g(C(n)), h
1,1(Z(n)) = 10(g(C(n)) + 1).
The Euler characteristic of Z(n) is e(Z(n)) = 12(g(C(n)) + 1).
If n 6= 2, Z(n) is a minimal surface and
Z(n) is
 a rational surface if n = 2 so k
(
Z(n)
)
=∞
a K3 surface if n = 3, 4 so k
(
Z(n)
)
= 0
a properly elliptic surface if n > 4 so k
(
Z(n)
)
= 1.
The Mordell–Weil group of E is MW (E) = Z/4Z and the singular fibers are{
I∗n + I4n + nI1 if n ≡ 1 mod 2
In + I4n + nI1 if n ≡ 0 mod 2.
Proof. In [M, Table VI.4.1] the effect of a base change of order n branched on
a singular fiber is described: if the branch fiber is of type Im, the base change
produces a fiber of type Inm; if the branch fiber is of type I
∗
m and n is odd, the
base change produces a fiber of type I∗nm; if the branch fiber is of type I
∗
m and n is
even, the base change produces a fiber of type Inm. For each fiber of ER : R→ P1
which is not a branch fiber, the base change produces n copies of that fiber on
E : Z(n) → P1 and this proves the statement on the singular fibers of E : Z(n) → P1.
Due to the presence of these reducible fibers, Z(n) is not a fibration of product
type, hence h1,0 equals the genus of the base of the fibration, which is 0. The
Euler characteristic of an elliptic fibration is the sum of the Euler characteristic of
its singular fibers, and using that e (I∗n) = n + 6, e (Im) = m, one computes the
Euler characteristic of Z(n). Since Z(n) admits an elliptic fibration, c
2
1(Z(n)) = 0.
By Noether formula the holomorphic characteristic χ(Z(n)) = e(Z(n))/12. Hence
h2,0(Z(n)) =
(
e(Z(n))/12
)−1. Since e(Z(n)) = ∑i(−1)ibi(Z(n)), where bi(Z(n)) are
the Betti numbers, one obtains
2 + h2,0(Z(n)) + h
0,2(Z(n)) + h
1,1(Z(n)) = e(Zn), i.e. h
1,1(Z(n)) = 5e(Z(n))/6
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For each reducible fiber F we denote by r(F ) the number of its irreducible
components, so r(Im) = m and r(I
∗
m) = m + 5. By the Shioda–Tate formula, the
Picard number of Z(n) is
ρ(Z(n)) = 2 +
∑
F red. fiber
(r(F )− 1) + rank(MW (E)).
So if n is odd, one obtains ρ(Z(n)) = 2 + (4n − 1) + (n + 5 − 1) + rank(MW (E))
and if n is even one obtains ρ(Z(n)) = 2 + (4n − 1) + (n − 1) + rank(MW (E)).
In both the cases one finds ρ(Z(n)) = h
1,1(Z(n)) + rank(MW (E)). This forces the
rank(MW (E)) = 0, so the Mordell–Weil group is a (possibly trivial) torsion group.
The (torsion) sections of the fibration ER : R→ P1 induce sections of the fibration
E : Z(n) → P1 (of the same order). So Z/4Z ⊂MW (E). If n is odd, the presence of
a fiber of type I∗n forces the torsion part of the Mordell–Weil group to be contained
in Z/4Z. If n is even one needs to use the height formula to conclude the statement
on the Mordell–Weil group. The definition and the details on this formula can be
found e.g. in [SS]. Let P be the 4-torsion section of E , and 2P := P +MW P ,
where +MW is the sum with respect to the group law in the Mordell–Weil group.
So 2P is a 2-torsion section of E . By the height formula any 2-torsion section of
E intersects the reducible fibers exactly as 2P does. This implies that a 2-torsion
section of E is necessarily 2P , and so MW (E) is cyclic. Let Q be a generator of
MW(E). If MW (E) 6= Z/4Z, Q is a torsion section whose order is strictly bigger
than 4. By the height formula the sum of contributions of the reducible fibers to
the height of Q must add up to n. The contribution due to a fiber of type In
is less than or equal to n/4. Moreover, since Q has order strictly bigger than P ,
either contrIn(Q) < contrIn(P ) = n/4 or contrI4n(Q) < contrI4n(P ) = 3n/4. Then
contrIn(Q) + contrI2n(Q) < n and we conclude MW (E) = 〈P 〉.
The classification of the surface Z(n) follows directly by [M, Lemma III.4.6]. 
Corollary 3.6. The surface Z(n) is a modular elliptic surface.
Proof. By Proposition 3.5, the elliptic fibration E : Z(n) → P1 satisfies the following
conditions:
• E is an extremal elliptic fibration with a section;
• E has no fibers of type II∗ and III∗;
• the j-invariant of E is non constant.
One concludes (as in Lemma 3.3) by [No, Theorem 3.6]. 
Corollary 3.7. The elliptic fibration E : Z(n) → P1(τ :σ) admits the following Weier-
strass equation:
(3.2) y2 = x(x2 + σε(σn − 2τn)x+ τ2nσ2ε).
where ε = 0 if n ≡ 0 mod 2 and ε = 1 if n ≡ 1 mod 2.
Proof. The rational elliptic surface R is rigid and its Weierstrass equation is deter-
mined (up to multiplication by constants) by the requirement that it has a fiber of
type I∗1 at infinity and a fiber of type I4 over zero. So a Weierstrass equation for
R is y2 = x(x2 + (1− 2t)x+ t2). Applying the base change τn = t and considering
the homogenous equation one finds the equation (3.2). 
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The automorphism α
Y
(2)
(n)
induces an automorphism on Z(n) which will be denoted
still by α
Y
(2)
(n)
, with a slight abuse of notation. Considering the non-homogeneous
equation obtained by putting σ = 1 in (3.2), the action of α
Y
(2)
(n)
is just
(3.3) (τ, x, y) 7→ (ζnτ, x, y).
3.2. The geometry of the minimal resolution X
(2)
(n) of Y
(2)
(n) . In this section we
assume n > 2 and we describe the minimal resolution X
(2)
(n) of Y
(2)
(n) . It is naturally
endowed with an elliptic fibration E : X(2)(n) → P1 and we show that it is the minimal
model of Y
(2)
(n) . In particular this implies that X
(2)
(n) coincides with Z(n) and allows us
to give a basis of the Ne´ron–Severi group supported on irreducible components of
reducible fibers and on sections of the fibration. To construct the minimal resolution
of Y
(2)
(n) we first identify its singularities.
Lemma 3.8. If n is odd, the surface Y
(2)
(n) is singular in 9 points: it has 5 singu-
larities of type 1n (1, n− 1) and 4 of type 1n
(
1, n+12
)
.
If n > 2 is even, the surface Y
(2)
(n) is singular in 10 points: it has 4 singularities
of type 1n (1, n− 1), 4 of type 1n/2 (1, n/2− 1) and 2 of type 1n/2 (1, 1).
Proof. If n is odd, the 9 points (P±1×P±1), (P∞×P±1), (P±1×P∞), (P∞×P∞) ∈
C(n) × C(n) are fixed by αn × αn−1n and thus their images for pi(2)(n) are singular.
The type of singularities is determined by the local action of αn × αn−1n near to
these points, which can be found by Proposition 2.2. In the following diagram we
summarize the information on the singularities
point local action of αn × αn−1n singularities of Y (2)(n)
(P±1 × P±1) (ζn, ζn−1n ) 1n (1, n− 1)
(P∞ × P∞) (ζ(n−1)/2n , ζ(n+1)/2n ) 1n (1, n− 1)
(P±1 × P∞) (ζn, ζ(n+1)/2n ) 1n (1, (n+ 1)/2)
(P∞, P±1) (ζ
(n−1)/2
n , ζn−1n )
1
n (1, (n+ 1)/2)
(we used that (n−1)2/2 ≡n (n+1)/2 since 2 is invertible and (n−1)2 ≡n 1 ≡n n+1).
If n is even, then Y
(2)
(n) has 10 singularities which are the image for pi
(2)
(n) of the
points (P±1 × P±1), (P j∞ × P±1), (P±1 × P j∞), (P j∞ × Ph∞), j = 1, 2, h = 1, 2, of
C(n)×C(n). The points (P±1×P±1) are fixed by αn×αn−1n , so each of them gives one
canonical singularity in Y
(2)
(n) . The points (P
j
∞×P1), j = 1, 2 form a unique orbit for
αn × αn−1n , and then they correspond to a unique singularity, which is a quotient
singularity of order n/2. Similarly the unique image of the points (P j∞ × P−1)
(resp. (P1×P j∞), (P−1×P j∞)) is a quotient singularity of order n/2 . The 4 points
(P j∞ × Ph∞), j = 1, 2, h = 1, 2 form 2 orbits, each containing 2 points. This gives
other 2 quotient singularities of order n/2. These two singularities are canonical
(because, by definition, the action of αn ×αn−1n is such that the action on the first
coordinate is the opposite of the action on the second one). The other 4 singularities
of order n/2 are of type 1n/2 (1, 1). 
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To construct X
(2)
(n) one has to resolve the singularities of Y
(2)
(n) . The desingular-
ization of the singularities on surfaces introduces configurations of rational curves,
which are well known and often called Hirzebruch–Jung strings. We list here just
the information needed in our context (see e.g. [BHPV, III.5])
• The singularities of type 1k (1, k − 1) are the singularities of type Ak−1. To
resolve them one introduces a chain of (k − 1) rational curves with self
intersection −2;
• to resolve the singularities of type 1k (1, k+12 ) one introduces two rational
curves meeting in a point. They have self intersections −2 and −k+12 re-
spectively;
• to resolve the singularities of type 1k (1, 1) one introduces one curve with
self intersection −k.
We denote by pi : C(n) × C(n) → Y (2)(n) the quotient map and by β : X(2)(n) → Y (2)(n)
the minimal resolution of the singularities of Y
(2)
(n) .
3.2.1. The case n ≡ 1 mod 2. Let P × Pη be one of the fixed points described
in Lemma 3.8 (see also Figure 1). Let us denote by E
(j)
P×Pη ⊂ X
(2)
(n) the excep-
tional divisors such that β(E
(j)
P×Pη ) = pi(P × Pη), i.e. E
(j)
P×Pη are the excep-
tional divisors resolving the singularities on the singular points pi(P × Pη). So, if
(, η) ∈ {(±1,±1), (∞,∞)}, then j = 1, . . . , n−1 and E(j)P×Pη , j = 1, . . . , n−1 form
a configuration An−1 of (−2)-curves. If (, η) ∈ {(±1,∞), (∞,±1)}, then j = 1, 2,(
E
(1)
P×Pη
)2
= −2,
(
E
(2)
P×Pη
)2
= −n+12 and
(
E
(1)
P×Pη
)(
E
(2)
P×Pη
)
= 1. Moreover,
we denote by E˜(P×C(n)) the strict transform (in X
(2)
(n)) of pi(P×C(n)) ⊂ Y (2)(n) , and,
similarly, we denote by E˜(C(n)×Pη) the strict transform of pi(C(n)×Pη). The curves
E˜(P×C(n)) with  = ±1,∞ are components of the reducible fibers of the fibration
F1 (see Proposition 2.9); the curves E˜(C(n)×Pη) with η = ±1,∞ are components of
the reducible fibers of the fibration F2. These components are studied in [P]: they
are called “central component” of the reducible fibers of the isotrivial fibrations F1
and F2 respectively (cf. [P, Theorem 2.3]). By [P, Proposition 2.8], one obtains
that each of these 6 curves is a rational −2 curve.
This allows us to describe several rational curves in X
(2)
(n) (see Figure 2 where the
interesting curves in X
(2)
(n) are shown in case n = 5). In particular we introduce two
interesting nef divisors:
F1 := E˜(P1×C(n)) + E˜(C(n)×P1) + E˜(P−1×C(n)) + E˜(C(n)×P−1) +
n−1∑
j=1
(
E
(j)
(1;1) + E
(j)
(−1;1) + E
(j)
(−1;−1) + E
(j)
(1;−1)
)(3.4)
F2 := 2
E˜(P∞×C(n)) + E˜(C(n)×P∞) + n−1∑
j=1
E
(j)
(∞;∞)
+E(1)(∞;−1)+E(1)(∞;1)+E(1)(1;∞)+E(1)(−1;∞).
The divisor F1 is supported on (−2)-curves which form an I4n fiber and the divisor
F2 is supported on (−2)-curves which form an I∗n fiber (see Figure 3 for the case
n = 5). Moreover F1F2 = 0, so these are classes of fibers of the same fibration,
which is necessarily a genus 1 fibration induced by the linear system |F1|. In
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particular there are no (−1)-curves on X(2)(n) which are vertical with respect to ϕ|F1|.
Moreover, the curves E
(2)
(∞;−1), E
(2)
(∞;1), E
(2)
(1;∞) and E
(2)
(−1;∞) are rational curves,
they are sections of the fibration induced by |F1|, and their self intersection is
n−1
2 . We recall that for any relatively minimal elliptic fibration with a rational
basis, the self intersection of any section is equal to − (h2,0 + 1). Hence the self
intersection of E
(2)
(∞;−1), E
(2)
(∞;1), E
(2)
(1;∞), E
(2)
(−1;∞) equals the self intersection of a
section of E : Z(n) → P1. Thus, if there were (−1)-curves on X(2)(n), which have to
be contracted to obtain the minimal model, they do not intersect these sections
(otherwise the self intersection of the section would change after the contraction
to obtain a minimal model). But the unique points which were blown up by β are
the singular points of Y
(2)
(n) , so there cannot be (−1) curves which do not intersect
at least one among the following curves: the fiber F1; the fiber F2; the sections
E
(2)
(∞;−1), E
(2)
(∞;1), E
(2)
(1;∞) and E
(2)
(−1;∞). So, by comparison with Proposition 3.4, one
obtains that Z(n) is isomorphic to X
(2)
(n) and the elliptic fibration E is the fibration
induced by the linear system |F1|.
Figure 1. Singularities of Y
(2)
(n) .
3.2.2. The case n ≡ 0 mod 2. If n is even, one obtains the analogous result in a
similar way, it suffices to slightly modify the divisor F2 to obtain a fiber of type
In. Indeed there are two singularities of type A(n/2)−1 on Y
(2)
(n) . Let us denote by
E
(j)
(∞;∞)(k) , k = 1, 2, j = 1, . . . , ((n/2)− 1) the (n/2−1) irreducible curves resolving
the k-th singularity of type A(n/2)−1. They are (−2)-curves and the divisor
F2 := E˜(P∞×C(n)) +
n/2−1∑
j=1
E
(j)
(∞;∞)(1) +
n/2−1∑
j=1
E
(j)
(∞;∞)(2) + E˜(C(n)×P∞)(3.5)
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Figure 2. Minimal resolution of Y
(2)
(5) (all the curves are −2
curves, with the exception of the 4 (−3)-curves).
Figure 3. Minimal resolution of Y
(2)
(5) : the support of the divisor
F1 is red, the one of F2 is green, the sections are black.
is supported on a In-configuration of rational curves. On Y
(2)
(n) there are 4 singular-
ities of type 1(n/2) (1, 1), which can be resolved by introducing one rational curve of
self intersection −n/2. The four exceptional curves obtained by this resolution are
4 sections of the fibration (indeed the 4-torsion Mordell–Weil group).
3.3. The proof of Theorem 3.1. By Proposition 3.4, Y
(2)
(n) is birational to a
surface which is a base change of R and we denoted by Z(n) the minimal elliptic
surface resolving the singularities of the base change R×b P1. In Sections 3.2.1 and
3.2.2 it is proved that if n > 2 the minimal resolution X
(2)
(n) of Y
(2)
(n) is a minimal
surface isomorphic to Z(n). In Proposition 3.5, the Hodge diamond and the Kodaira
dimension of Z(n) (and thus of X
(2)
(n)) are computed and in Corollary 3.6 it is proved
that Z(n) (and thus X
(2)
(n)) is a modular surface. This conclude the proof of the
Theorem 3.1.
Remark 3.9. In Proposition 2.7 we observed that Y
(l)
(n) is a k : 1 cover of Y
(l)
(n/k) and
the cover automorphism is α
k/n
Y
(2)
(n)
. Thanks to Theorem 3.1 we can reinterpret this
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result if l = 2 in a more geometric way: the surface X
(2)
(n) with the elliptic fibration
given in (3.2) is obtained by the elliptic fibration on X
(2)
(n/k) by a base change of
order k branched on the fibers at 0 and ∞. The cover automorphism is αk/n
X
(2)
(n)
,
where α
X
(2)
(n)
is induced by α
Y
(2)
(n)
and its local action is given in (3.3) .
3.4. Translation by the torsion sections. There are automorphisms of C×l(n),
not contained in the group G
(l)
(n), which are indeed constructed by considering the
automorphism ιn on C(n) and the permutations of the factors of the product C
×l
(n).
They induce automorphisms on Y
(l)
(n). In [Sc] the quotients by some of these au-
tomorphisms are considered. Here, we prove that the actions induced by some of
them on X
(2)
(n) preserve the elliptic fibration and in fact are translations by torsion
sections.
We recall that ιn is the hyperelliptic involution on C(n) and denote by ε the
involution of C(n)×C(n) switching the two copies of C(n). The automorphisms ιn×ιn
and ε ◦ (ιn × id) of C(n) × C(n) induce automorphisms on Y (2)(n) and on the smooth
surface X
(2)
(n). In particular, we denote by ιX(2)
(n)
the involution of X
(2)
(n) induced by
ιn×ιn and by γ the order 4 automorphism induced on X(2)(n) by ε◦(ιn×id). Moreover,
we will denote by
˜
X
(2)
(n)/ιX(2)
(n)
(resp. X˜
(2)
(n)/γ) the minimal model of X
(2)
(n)/ιX(2)
(n)
(resp.
X
(2)
(n)/γ).
Proposition 3.10. The automorphism ι
X
(2)
(n)
is the translation by the 2-torsion
section on E : X(2)(n) → P1 and the automorphism γ is the translation by a 4-torsion
section. So:
• k
(
˜
X
(2)
(n)/ιX(2)
(n)
)
= k
(
X˜
(2)
(n)/γ
)
= k
(
X
(2)
(n)
)
;
• hi,0
(
˜
X
(2)
(n)/ιX(2)
(n)
)
= hi,0
(
X˜
(2)
(n)/γ
)
= hi,0
(
X
(2)
(n)
)
, for i = 0, 1, 2;
• ˜X(2)(n)/ιX(2)
(n)
admits an elliptic fibration Eι : ˜X(2)(n)/ιX(2)
(n)
→ P1 with Weier-
strass equation y2 = x(x − 1)(x − 1 + 4τn), three 2-torsion sections and
singular fibers equal to nI2 + I2n + I
∗
2n if n is odd and to nI2 + I2n + I2n if
n is even.
• X˜(2)(n)/γ admits an elliptic fibration Eγ : X˜(2)(n)/γ → P1 with Weierstrass
equation y2 = x(x2 − 2(4τn + 1)x+ (4τn − 1)2) one 4-torsion section, and
singular fibers equal to nI4 + In + I
∗
n if n is odd and to nI4 + 2In if n is
even.
Proof. The automorphism ιn × ιn ∈ Aut(C(n) × C(n)) acts on the points fixed by
αn × αn−1n in the following way: (1, 1) 7→ (−1,−1), (1,−1) 7→ (−1, 1), (∞,±1) 7→
(∞,∓1), (±1,∞) 7→ (∓1,∞). Hence, the induced automorphism ι
X
(2)
(n)
preserves
the classes F1 and F2 given in (3.4) and (3.5). Moreover it acts on the curves which
are supports of F1 (F2 respectively) as the translation by the 2-torsion section. So it
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is an involution which preserves two fibers and acts on each of them as a translation.
There are two possibilities: either it acts trivially on the base of the fibration, and
thus it is exactly the translation by a 2-torsion section, or it acts as an involution of
the base of the fibration (which indeed preserves two points). In the latter case the
involution does not preserve the 2-holomorphic forms, but ιn×ιn preserves all the 2-
holomorphic form on C(n)×C(n), indeed (ιn×ιn)∗(ω(1)j ∧ω(2)i ) = (−ω(1)j )∧(−ω(2)i ) =
ω
(1)
j ∧ ω(2)i . We conclude that ιX(2)
(n)
is the translation by the 2-torsion section.
The quotient surface X
(2)
(n)/ιX(2)
(n)
admits an elliptic fibration induced by the one of
X
(2)
(n). So both the surfaces X
(2)
(n) and X
(2)
(n)/ιX(2)
(n)
are birational to elliptic surfaces
which are elliptic curves defined over the field of rational function k(τ) and the
latter elliptic curve is obtained by the first as quotient by a translation by a 2-
torsion rational point. This gives the Weierstrass equation of a birational model of
X
(2)
(n)/ιX(2)
(n)
. The properties of the elliptic fibration are deduced from the Weiratrass
equation. The same arguments apply to the quotient X
(2)
(n)/γ, once one proved that
γ is the translation by a 4-torsion section. First we observe that γ preserves the
2-holomorphic form on X
(2)
(n), since (ε ◦ (ιn× id))∗(ω(1)j ∧ω(2)j ) = ε∗(−ω(1)j ∧ω(2)j ) =
ω
(1)
j ∧ω(2)j . Moreover ε◦(ιn×id) acts on the points fixed by αn×αn−1n in the following
way: (1, 1) 7→ (1,−1) 7→ (−1,−1) 7→ (−1, 1); (∞, 1) 7→ (1,∞) 7→ (∞,−1) 7→
(−1,∞), and leaves invariant the point (∞,∞). So γ preserves the class F1 and
thus the elliptic fibration |F1| and acts on the reducible fibers F1 and F2 as a
translation by a 4-torsion point. We observe that (ε ◦ (ιn × id))2 = ιn × ιn. One
concludes as above, recalling that the equation of the quotient by a 4-torsion point
can be found in [G, Proposition 2.2].
3.5. The isotrivial fibrations on X
(2)
(n). In Proposition 2.9 we observed that Y
(2)
(n)
admits two isotrivial fibrations whose generic fibers are isomorphic to C(n). Since
in the construction of X
(2)
(n) we do not contract any curve, each of these fibrations
induces a fibration Fi : X(2)(n) → P1, i = 1, 2. If n = 3 or n = 4, the curve C(n) is
an elliptic curve (with complex multiplication) and the fibrations F1 and F2 are
isotrivial elliptic fibrations. These fibrations do not coincide with the fibration E ,
which in fact is not isotrivial. Indeed, if n = 3, 4, the K3 surfaces X
(2)
(n) admit more
than one elliptic fibration. The K3 surfaces X
(2)
(3) and X
(2)
(4) are constructed in [SI]
exactly as quotient of the product of elliptic curves with complex multiplication and
the presence of many elliptic fibrations on these K3 surfaces is well known. Indeed
in [Ni] the elliptic fibrations on both these K3 surfaces are classified. In particular
one recognizes the fibration E and the isotrivial fibration Fi on X(2)(3) (resp. X(2)(4) )
as the fibrations number 6 and 5 in [Ni, Table 1.1] (resp. fibrations number 10 and
4 in [Ni, Table 1.2]).
4. The threefold Y
(3)
(n)
We observed in Proposition 2.8 that in order to construct a variety which is bira-
tional to Y
(3)
(n) we can consider a birational model of
(
X
(2)
(n) × C(n)
)
/
(
α
X
(2)
(n)
× αn−1n
)
,
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where X
(2)
(n) is the smooth surface whose Weierstrass form is described in (3.7) and
α
X
(2)
(n)
acts on τ as described in (3.3). We will see that the threefold Y
(3)
(n) is obtained
by a base change on a specific threefold which admits a fibration in K3 surfaces.
This is in a certain sense the analogue of Proposition 3.4. The following theorem
summarizes the main results of this section and it is a direct consequence of the
Proposition 4.2 and of the Corollary 4.4.
Theorem 4.1. The threefold Y
(3)
(n) is birational to a threefold Z
(3)
(n) endowed with
a fibration Z : Z(3)(n) → P1t . The minimal models of almost all the fibers are K3
surfaces St with Picard number 19.
If n = 2, k
(
Y
(3)
(n)
)
= −∞; if n = 3, 4, Y (3)(n) admits a desingularization which is
a Calabi–Yau threefold (so k
(
Y
(3)
(n)
)
= 0); for any n, k
(
Y
(3)
(n)
)
≤ 1.
We first construct the fibration Z : Z(3)(n) → P1t and we give its properties, in the
following proposition.
Proposition 4.2. The threefold Y
(3)
(n) is birational to a threefold Z
(3)
(n) endowed with
a fibration Z : Z(3)(n) → P1t whose generic fibers are birational to K3 surfaces St with
Picard number 19 and transcendental lattice TSt ' U ⊕ 〈8〉. There are n special
fibers (over t such that tn = −1/4) which are birational to K3 surfaces with Picard
number 20 and transcendental lattice TSt ' 〈2〉 ⊕ 〈8〉 and two highly singular fibers
(for t = 0,∞). The equation of the fibration Z is given by:
(4.1) Y 2 = X
(
X2 +
(
v2 − 1) ((v2 − 1)− 2tn)X + t2n (v2 − 1)2)
and Z is obtained by a base change of order n from a fibration with equation:
(4.2) Y 2 = X
(
X2 +
(
v2 − 1) ((v2 − 1)− 2t)X + t2 (v2 − 1)2) .
Proof. Let us consider the equation of the elliptic fibration X
(2)
(n) → P1τ obtained
by putting σ = 1 in (3.2), i.e. y2 = x(x2 + (1 − 2τn)x + τ2n). The action of
the automorphism α
X
(2)
(n)
is given in (3.3). The functions X := xu2n Y := yu3n
t := τu on X
(2)
(n) × C(n) are invariant for the action of αX(2)
(n)
× αn−1n . They satisfy
the equation (4.1) and it is straightforward that there is a generically n : 1 map
between X
(2)
(n) × C(n) and the threefold whose equation is (4.1). Therefore, Y (3)(n)
is birational to the threefold Z
(3)
(n) defined in (4.1). The equation (4.1) defines a
fibration Z : Z(3)(n) → P1t which is clearly induced by a base change of order n (given
by t 7→ tn and thus branched at 0 and ∞) on the fibration (4.2). Considering the
curve C(1) defined as v
2 = u + 1 (i.e. a rational curve double cover of P1), the
threefold whose equation is (4.2) is obtained by the product of the rational elliptic
surface R (with equation y2 = x(x2+(1−2τ)x+τ2) and C(1), by using the functions
X := xu2 Y := yu3 t := τu. Let us denote by Z
(3)
(1) the threefold described by the
equation (4.2). The generic fiber St of the fibration Z : Z(3)(1) → P1t over t is an
elliptic surface, whose Weierstrass equation is
Y 2 = X
(
X2 +
(
v2 − 1) ((v2 − 1)− 2t)X + t2 (v2 − 1)2) ,
20 ALICE GARBAGNATI
considered as fibration to P1v. The fundamental line bundle L of this Weierestrass
equation has degree 2 (cf. [M, Definitions II.4.1 and II.5.2]). So the minimal model
of the surface given by this Weierstrass equation is a K3 surface, by [M, Lemma
III.4.6]. The discriminant of the Weierstrass equation St → P1 is
∆St = t
4 (
v2 − 1)7 (v2 − 1− 4t) .
If t 6= 0,∞,−1/4, then the singular fibers of the fibrations St → P1v are two fibers
of type I∗1 , over v = ±1, one fiber of type I8 over v =∞ and 2 fibers of type I1 over
v = ±(1 + 4t). Hence ρ(St) ≥ 19. On the other hand the fibration Z : Z(3)(1) → P1t
is not an isotrivial fibration and Z
(3)
(1) is at least a 1-dimensional family of K3
surfaces. Indeed, if t = − 14 , the reducible fibers of the fibration S−1/4 → P1v are
2I∗1 + I8 + I2 (and not 2I
∗
1 + I8 + 2I1 as for the fibration on a general St). We
conclude that for a general t, ρ(St) = 19 and ρ(S−1/4) = 20. In particular, this
implies that, for a general t, there are no sections of infinite order. The map
v 7→ (X(v), Y (v)) = (t(v2 − 1), t(v2 − 1)2) is a 4-torsion section and the presence
of a fiber I∗1 prevents a higher order torsion section. Hence NS(St) is a specific
overlattice of index 4 of U ⊕ D⊕25 ⊕ A7 and the computation of its discriminant
form implies that TSt ' U ⊕ 〈8〉. If t = −1/4, NS(S−1/4) is a specific overlattice
of index 4 of U ⊕ D⊕25 ⊕ A7 ⊕ A1 and the computation of its discriminant form
implies that TS−1/4 ' 〈2〉 ⊕ 〈8〉, see also [SZ, Table 2]. We observe that the fibers
over t = 0,∞ are no longer K3 surfaces. The fibrations Z(3)(n) → P1 are obtained by
a base change of order n on the fibration Z
(3)
(1) → P1, so the results on the fibers of
Z
(3)
(n) → P1 follows from the ones on the fibers of Z(3)(1) → P1. 
Remark 4.3. In the proof of Proposition 4.2 we gave the explicit equation (4.1)
for the threefold Z
(3)
(n), which is a birational model of Y
(3)
(n) . We observe that this
equation can be read also in different way, indeed it is associated also to other two
fibrations:
• Z(3)(n) → P1t ×P1v, whose generic fibers are elliptic curves and whose discrim-
inant is ∆ = t4n
(
v2 − 1)7 (v2 − 1− 4tn);
• Z(3)(n) → P1v which is an isotrivial fibration whose generic fiber is birational
to X
(2)
(n) (this is one of the fibrations described in Proposition 2.9).
In [F], the author studies a specific resolutionX
(3)
(n) of
(
X
(2)
(n) × C(n)
)
/
(
α
X
(2)
(n)
× αn−1n
)
,
in the case n = 3c for some c. She proves that it is endowed with a fibration whose
generic fiber, say W , is a K3 surface (and not only birational to a K3 surface). She
also proves that the generic fiber has Picard number 19. The difference with our
result is that we didn’t fix a specific resolution and thus we can omit the condition
n = 3c, but we have to work up to birational equivalence.
In [F] the author also considers certain specific curves on W (rational or of
genus 1), coming from the resolution she is considering. In order to compare the
construction given in [F, Section 6.2] with the one introduced in the proof of the
previous proposition, it could be interesting to have the full list of the elliptic
fibrations on the K3 surface St (because this gives a large set of rational and genus
1 curves on St). To obtain this classification it suffices to consider the method
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introduced in [Ni] to the lattice T0 ' A7 (where the lattice T0 is chosen as required
in [Ni, Section 6.1]). The properties of the elliptic fibrations on St are listed in the
following tables (the first line contains the reducible fibers, the second the rank of
the Mordell–Weil group):
red. fibers: 2II∗ I∗12 II
∗ + I∗4 2III
∗ + 2I2 III∗ + I10 I∗8 + I
∗
0 2I
∗
4 I16
rank(MW ) : 1 1 1 1 1 1 1 2
red. fibers: I∗5 + I8 IV
∗ + I∗3 I
∗
2 + I10 + I2 2I
∗
1 + I8 2I9 I17 I13 + I5
rank(MW ) : 1 1 1 0 1 1 1
In [F], the author finds two pairs of 9 rational curves on W , whose intersection is
A˜8 and these curves could be the components of the fibration with reducible fibers
2I9 described in the table above.
The presence of the K3-fibration on Z
(3)
(n), gives information on the Kodaira
dimension of any birational model of this threefold. More precisely the following
corollary holds.
Corollary 4.4. The Kodaira dimension of Y
(3)
(n) is at most 1. If n = 2 the Kodaira
dimension of Y
(3)
(n) is −∞. If n = 3, 4, Y (3)(n) admits a desingularization which is a
Calabi–Yau threefold (and in particular has Kodaira dimension equal to 0).
Proof. We proved in Propositions 4.2 that the threefold Z
(3)
(n) admitting a fibration
in K3 surfaces is birational to Y
(3)
(n) . As in Proposition 2.10, the easy addiction
formula implies
k(Y
(3)
(n) ) = k(Z
(3)
(n)) ≤ k(St) + dim(P1) = 1,
where St is a generic fiber of the fibration Z thus it is a K3 surface.
If n = 2, the fibers of the isotrivial fibration Z
(3)
(n) → P1v are birational to the
rational elliptic surface surface X
(2)
(2) (see Proposition 3.5). By applying the same
formula as above to this fibration, one finds k(Z
(3)
(n)) ≤ −∞.
If n = 3 or n = 4 the l-fold Y
(l)
(n) is studied in [CH], where it is proved that it
admits a crepant resolution which is a Calabi–Yau l-fold. 
5. The l-fold Y
(l)
(n) for l > 3
We constructed the threefold Y
(3)
(n) from the surface Y
(2)
(n) in the previous section.
Iterating this process one is able to give an equation of a birational model of Y
(l)
(n) for
any l. In particular this equation exhibits Y
(l)
(n) as birational to an elliptic fibration
(see Corollary 5.4) and to many other fibrations, some of which are isotrivial, given
by projections on products of projective lines. One of these fibrations is similar to
the elliptic fibration on X
(2)
(n) and to the K3 fibration on a birational model of Y
(3)
(n) ,
indeed it is a fibration in codimension 1 subvarieties and, even if we are not able
to assure that the fibers are birational to Calabi–Yau (l − 1)-folds, we can prove
at least that the Kodaira dimension of the fiber is not bigger than 0. We use this
property to bound the Kodaira dimension of Y
(l)
(n).
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First we prove a useful result on the Kodaira dimension of the varieties described
by certain Weierstrass equations.
Lemma 5.1. Let (vi : wi) be coordinates on the i-th copy of P1 in (P1)×l−1 and
ai := ai((v1 : w1), . . . , (vl−1, wl−1)) be homogeneous polynomials of multidegree
(i, i, . . . , i).
Let W be an l-fold which admits an elliptic fibration W → (P1vi:w1))×(l−1) whose
(extended) Weierstrass equation is
(5.1) y2 = x3 + a4x
2 + a8x+ a12.
Then, for any choice of the polynomials ai, k (W ) ≤ 0.
Proof. For a generic choice of the polynomials ai, the equation (5.1) describes a
smooth variety and the conditions on the multidegrees of the ai’s implies that
W has a trivial canonical bundle (see [No, Section (1.2)] and observe that L−1
coincides with the canonical bundle of
(
P1
)×(l−1)
). In particular for generic choices
of the polynomial ai, k(W ) = 0. If the ai’s are not general enough, W is no longer
necessarily smooth and the singularities may be not canonical, so a priori one has
no control on the canonical bundle of the resolutions of W . In this case we consider
three generic polynomials b4, b8 and b12 in the same coordinates and with the same
multidegree as the ones of a4, a8 and a12 respectively. Let us consider the family
W → P1τ :σ whose fiber over (τ : σ) is given by the equation
y2 = x3 + (τa4 + σb4)x
2 + (τa8 + σb8)x+ (τa12 + σb12) .
The fibers over (σ : τ) = (0 : 1) is the variety W , and almost all the other fibers
(in particular the ones over (1 : 0)) are smooth and thus their Kodiara dimension
equals 0. Hence, by [T, Theorem 1.2], one concludes that k(W ) ≤ 0. 
Remark 5.2. The previous lemma (with the same proof) can be generalized taking
as base B of the elliptic fibration W → B any product of projective spaces by
requiring that the rational functions ai are sections of | − 2iKB |.
Theorem 5.3. The l-fold Y
(l)
(n) is birational to an l-fold Z
(l)
(n) endowed with a fibra-
tion Z : Z(l)(n) → P1t with the following equation
(5.2) Y 2 = X
(
X2 +
l−2∏
i=1
(
v2i − 1
)(l−2∏
i=1
(
v2i − 1
)− 2tn)X + t2n l−2∏
i=1
(
v2i − 1
)2)
which is obtained by a base change of order n from a fibration whose equation is:
Y 2 = X
(
X2 +
l−2∏
i=1
(
v2i − 1
)(l−2∏
i=1
(
v2i − 1
)− 2t)X + t2 l−2∏
i=1
(
v2i − 1
)2)
.
If n = 2, k
(
Y
(l)
(n)
)
= −∞; if n = 3, 4, Y (l)(n) admits a desingularization which is a
Calabi–Yau l-fold (so k
(
Y
(l)
(n)
)
= 0); for any n, k
(
Y
(l)
(n)
)
≤ 1 if l ≥ 3.
Proof. The statement on the presence of the fibration Z : Z(l)(n) → P1t follows by
iterated application of the method described in Proposition 4.2. For a general t,
ELLIPTIC FIBRATIONS AND KODAIRA DIMENSIONS OF SCHREIEDER’S VARIETIES 23
the fiber Ft of Z : Z(l)(n) → P1t is
Y 2 = X
(
X2 +
l−2∏
i=1
(
v2i − 1
)(l−2∏
i=1
(
v2i − 1
)− 2tn)X + t2n l−2∏
i=1
(
v2i − 1
)2)
.
This fiber is an (l− 1)-fold edowed with an elliptic fibration Ft →
(
P1vi
)×(l−2)
. The
Weierstrass equation of this elliptic fibration satisfies the hypothesis of Lemma 5.1,
and thus k (Ft) ≤ 0. One concludes that k
(
Y
(l)
(n)
)
≤ 1, as in the propositions 2.10
and 4.2, by using the easy addiction formula. The results for n = 3, 4 are proved
in [CH]. 
Corollary 5.4. The variety Z
(l)
(n), which is birational to Y
(l)
(n), admits:
• an elliptic fibration EZ : Z(l)(n) →
(
P1
)×l−1
given by the projection of (4.1)
to P1t ×
∏l−2
i=1 P1vi ;
• a K3-fibration given by the projection of (4.1) to P1t ×
∏l−3
i=1 P1vi ;
• an isotrivial fibration with fibers birational to Y (l−1)(n) given by the projection
of (4.1) to P1vl−2 .
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